














10.

tan™ (xX) + ¢
sint(x)+c¢

é tan’ (x/3) + ¢

1 - 3 2
- tan 1 (L) +C
12 4

09(2) e

. -1
sin (XT) +c

tan! (37") +c
& log (357) e
sint (x/3) +¢

1 -5
—Iog(X )+c
10 X+5

Exercise

1 4.3.1 - Answers
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R DY INTEGRAL CALCULUS II

5.1 METHODS OF INTEGRATION - INTEGRATION BY PARTS

5.1.1 Introduction

At this point, we have seen the integrals of the functions involving only one function.
Integration by parts is applied when the integral is a product of two functions. The evaluation of the
integral depends upon the proper choice of u and v.

We have observed that every differentiation rule gives rise to corresponding integration rule.
We know the product rule is,

If u and v are functions of x,

di (uv) = u % +Vv ?

Integrating both sides with respect to x, we get
f%(uv)dx = fu%dx+fv%dx
[ d (uv) = Judv+ [vdu
uv = [udv+ [ vdu
=/ udv = uv— [vdu

This rule is called integration by parts.
Note :

1) Integration by parts method is generally used to find the integral when the integrand is a
product of two different types of functions (or) a single logarithmic function (or) a single
inverse trigonometric function (or) a function which is not integrable directly.

2)  When both functions of Integrand has direct integral values then the function in the form of
polynomial in x is taken as u and other function [Trigonometric or exponential is taken as dv].

3)  When any one of the functions of Integrand does not have direct integral value (i.e., functions
like log X, sin'x, cos*x ...) then that function is taken as u and other function is taken as dv.

Worked Examples:

Part - A
1) Evaluate : [xe* dx
Solution :
Let u = x dv. = e*dx
| [dv = [e*dx
dx
du = dx % = ef
fudv = uv-—[vdu
[xeXdx= xe*— [eXdx
= xe—e‘+c
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2) Evaluate : [ log x dx

Solution :
Let u = logx dv =dx
% = i Jdv=[dx
du = i dx vV =X
fudv = uv—fvdu
J logx dx = Iogxx—fxidx
= xlogx — [ 1dx
= Xlogx—x+c
Part—Band C
1) Evaluate : [ x logx dx
Solution :
Let u = logx dv. = xdx
2—2 = i Jdv = [xdx
du = =dx % =X
X 2
Integration by parts rule,
fudv = uv—fvdu
_ x? x%\ (1
[logxxdx = (logx) (?) —f (?) (;) dx

2 1
X?Iogx—gfxdx+c

x? 1 x?
—logx —= = +c
2 2 2

2 2
Zlogx — = +c
2 4

2) Evaluate : [ x™ logx dx

Solution :
Let u = logx dv = x"dx
j—z = i [dv = [x™dx
du = idx v o= ’;n:
Integration by parts rule,
fudv = uv—fvdu
_ Xn+1 Xn+1 1
flogexrax = (o) (13) =/ (553) (5) o
X0 1
= — Iogx—mfxndx“:
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3) Evaluate : [ x e?* dx

Solution :
Let u = X dv = e*dx
du = dx [dv = [e?*dx
2X
vV o= —
2
Integration by parts rule,
fudv = uv—[vdu
2 - e e
J x e?* dx = x(z) J = dx
XeZX 1 eZX
= 3 (F)re
_ xe?X e +e
2 4
4) Evaluate : [ x e™ dx
Solution :
Let u = X dv. = e™dx
du = dx [dv = [e™ dx
v = 2
- n
Integration by parts rule,
fudv = uv—fvdu
_ enx enx
J x e™ dx = X(T)—deX

x elX 1
= o —ernXdX

nx 1 nx
R

n n n
_oxem™ o™
n n2
5) Evaluate : [ X e™* dx
Solution :
Let u = X dvv = e™*dx
du = dx fdv = [e™dx
v o= =

Integration by parts rule,
fudv = uv—[vdu
[ xe™*dx X (—e™¥) — [(—e™) dx
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—xe X+ [e X dx
- _ye—x g4 &F

= xe * + +C
= —xe *—e¥+cC

6) Evaluate : J x sin 3x dx

Solution :
Let u = X dv = sin3xdx
du = dx [dv = [sin3xdx
Vv _  —cos3x
- 3
Integration by parts rule,
Judv = uv—fvdu
. _ —cos 3x —Cos 3x
[xsin3xdx = x( - )—f( - )dx
—X Ccos 3x

1
= - +§fc033xdx

- —X COS 3X + 1 (sir;3x) +

3 3
- —X COS 3X + sin 3x +c
3 9
7) Evaluate : [ x sin nx dx
Solution :
Let u = x dv = sinnxdx
du = dx [fdv = [sinnxdx
—COS nx
V =

n

Integration by parts rule,
fudv = uv—fvdu

X (—cos nx) _ f (—cos nx) dx
n n
—X €OS nx

1
= —=—=—+= [cosnxdx
n n

- X COS nx +1 (sm nx) +C

[ x sin nx dx

n n n
- —xcosnx+sinnx+c
n n2
8) Evaluate : [ x cos x dx
Solution :
Let u = x dv. = cosxdx
du = dx [dv = [cosxdx
v = sin X
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Integration by parts rule,
[ udv
[ x cos x dx

9) Evaluate : [ x cos nx dx
Solution :
Let u
du

dx

uv — [ vdu
x sin x — [ sin x dx
xsinx —(—=cosx) +c

X Sin X + coS X+ C

dv
[dv

C0S nx dx

| cos nx dx

sin nx

\'
n

Integration by parts rule,

J udv

J x cos nx dx

10) Evaluate : [ x cos? x dx
Solution :
Let |

uv — [ vdu

X (sm nx) _ J-sm nx dx
n n

. L
==~ — [sin nx dx

n

X sin nX = cos nx

+C
n

[ x cos? x dx
1+cos 2x
[ x ( . )dx

%f(x+x0052x)dx

%[fxdx+fxc052xdx]
%[x2+fxc052xdx].---(1)

2

Consider [ x cos 2x dx

Let u = X dv = cos2x dx
du = dx [dv = [ cos2xdx
v _ sin2x
T2
Integration by parts rule,
Judv = uv-— [vdu
_ sin 2x sin 2x
[xcos2xdx = x( . )—f —— dx
= X~ [sin 2x dx
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Using (2) in (1) we get

[ x cos? x dx

11) Evaluate : [ sin™ x dx

Solution :

X sin 2x 1 (—cos 2x

2 _E( 2 )
X sin 2x = c€oOs 2X 2

> " .. (2

2 .
%[x?+x51;12x+c012x]+c

1 x%  xsin2x , cos2x
;G

2

|+
4

Let u =sintx dv = dx
1
du = —dx Jdv=[dx
V = X
._1 _ ._1 X
[sintxdx = xsin X—f—m dx
Taket=1— x?
dt = - 2x dx
4 = x dx
-2
dt
. in-1l — in-1 =2
o [sintxdx = xsin x—f\/E
= xsintx++ (&
xsintx+2 [ =

Evaluate the following :

1) [ x?log x dx

3) [ (log x)? dx

5) [ xsinxdx

7) [ xsec x tan x dx
9) [xtan®xdx

11) [ x cos 4x dx

13) [ xe> dx

15) [ x sin 6x dx

17) [x e dx

.- 1
xsm1x+5 2+\t+¢C

xsintx+vV1—x2+c

Exercise : 5.1.1

2)
4)
6)
8)
10)
12)
14)
16)
18)

[ x% log x dx
[ log 3x dx
[ x sin 2x dx
[ x sin? x dx
[ xe* dx

[ cost x dx

[ x sin 4x dx
[ x cos 2x dx

[ xe* dx
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Exercise : 5.1.1 - Answers

x3 x3 <4 <4
bl _X* 4 x* _xt
L Flogx==+c 2) “logx—+c
3)  x(log x)? — 2x (log x) + 2x + ¢ 4) xlog3x—x+c
. B ) -
5) —XCOSX+SINX+C 6) XC;)S X+51r;x+
1 |—-xsin2 2
7) X Sec X — IOg (SECX +tan X) +c 8) - [ XS;H X coi x] +e
1 4X 4X
T
in 4 4
11) XSH; X n cols6 X+ C 12) x cost x — [1—_ Z+C
5x 5% _ ]
13) xe’”  xe +C 14) xcos4x_|_sm4x_|_C
5 25 4 16
15) —X COS 6X + sin 6x +C 16) X sin 2x + cos 2x +c
6 36 2 4
—xea—3X -3x —ax —ax
17) Xe _ e +c 18) Xe _e +e
3 4 16

5.1.2 Integration by parts for Integrand is of the form ™ cos nx or e™ sin nx

We illustrate that there are some integrals whose integration continues forever. Whenever we
integrate function of the form ™ cos nx or e™ sin nx, we have to use integration by parts twice to
get the similar integral on both sides and to solve.

Result
(i) Je™cosnxdx = mf:);z [mcos nx + nsinnx] +c
(i) Je™sinnxdx = me:;z [msinnx -ncosnx]+c
Proof : (i) Let I=/e™ cosnx dx
Take u = cosnx, du = —nsinnxdx
dv = e™, [dv = [e™
v o=
m
Applying Integration by parts we get
Formula : fudv = uv—[vdu

mx mx
= [e™cosnxdx = cosnx (%) — fe? (-n sin nx) dx
mx

I = Z_cosnx+— [e™sin nx dx
m m

Take u = sinnx, dv = e™dx
du = ncosnxdx| [dv = [e™dx
emx
VvV =
m
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Applying Integration by parts, we get

T
|
|

T
|
|

N
[S=Y
4_

EN|=N

N——

1

ey
8 E“’
+
Nls
N
—
1

Similarly [ e™ sin nx dx

Example

1)

2)

Evaluate the integral
[ e2% sin x dx

using the formula
[e™ sinnxdx =

Form=2,n=1

[ e2* sin x dx

Evaluate the integral
[ e 3% cos 2x dx

using the formula
[e™ cosnxdx =

Form=-3,n=2

[ e 3% cos 2x dx

emX n mx ) emX

—cosnx+—[ smnx—f—ncosnxdx]
m m m m
mx mx 2

©— cos nx + = sin nx — — [ e™ cos nx dx
m m m

mx

2
“— cos nx +— e™* sin nx — — |
m m m

mx

=— C0s NX + — e™* sin nx
m m

emx n .
— COs NX +—; e™* sin nx
m m

mx

F’;n—z [m cos nx + n sin nx|

mx

F’;n—z [m cos nx + n sin nx|

mx

—7 M cos nx + nsinnx]+ ¢

emx

Therefore [e™ cosnxdx = —— [mcosnx + nsinnx]+c

m?+n
mx

— [m sin nx — n cos nx|+ ¢

Worked Examples:

mx

— [m sin nx — n cos nx dx]+ ¢

2X

m[Zsinx—lcostc

eZX

- [2sinx —cosx]+¢C

emx

— [m cos nx + n sin nx dx]+ ¢

—3X
(—SSZW [—3 cos 2x + 2 sin 2x]+ ¢

e—3X

[—3 cos 2x + 2 sin 2x]+ ¢
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Exercise : 5.1.2

Evaluate the following :

1) [ e™sinnx dx

2) [ eXcos2x dx

3) [ e™sin3xdx

4) [ e*cos 2x dx

5) [ e®sin2x dx

6) [ e cosxdx

7) [ xe®sin2x dx

Exercise : 5.1.2 - Answers

m

1) rnez—:nz[msinnx—ncosnx]+c

2) e—: [2 sin 2x — cos 2x] + ¢
_a—5X

3) e3—4[53in3x+3c053x]+c

4) %[3c032x—25in2x]+c

e

5) - [2 sin 2x + cos 2x] + ¢
0

1

e—3X

6) [sinx —3cosx]+c

10

7) %[33in2x+2c052x]+c
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5.2 BERNOULLI’S FORMULA

The integration by parts formula will be difficult to apply repeatedly; It takes a lot of space to
write down and chances are more to make a distribution error. Fortunately, there is a purely
mechanical procedure for performing integration by parts without writing down so much called
tabular integration by parts (or) Bernoulli’s formula. It is based on the following theorem.

Bernoulli’s Formula (Tabular method) :

Suppose that u and v are functions of x and define a sequence of derivatives of u by

du du\' du\"
p . du n— (G m— (44
u dx '’ u (dx) U (dx)

and define a sequence of integrals of v by
vi=[vdx, vo = [vidx, v3 = [ v2 dx
Then fudv=uv—u vicu"va—u"vs+...
Proof :
We know that [ u dv

uv — [ vdu
= uv—fu'dvs
= w-—[u'v; — [v;du]
= u—u v+ [u"dvz
= uw—uv+[u'v, - [v,du"]
= uv—u'vi+u”"vo—u"vs+...
Proceeding like this we get the required formula
Judv=uv—uvisu"va—u"vs+...
Note :

This technique is often used when the integrand is a product of two different classes of
functions. There are five classes of elementary functions, ILATE : Inverse Logarthmic, Algebraic,
Trigonometric, Trigonometric and Exponential.

The success of this method depends on the proper choice of u and v.
To avoid confusion, in the choice of u, give preference in this order ILATE.
Worked Examples:

Part - B
1. Evaluate : [ x sin 2x dx
Solution:
Let | = [ x sin 2x dx
Put u=x dv = sin2x dx
[dv = [sin2x
=1 v = — cos22x
u'=0 Vi = _sin2x

4
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~ 1= [ xsin 2x dx

—COS 2X
= (e
2
N X COS 2X
- 2
2. Evaluate : [ x? sin 3x dx
Solution:
Let | = [ x? sin 3x dx
Put u=x? dv =
u’ = 2x
u’ = vV =
nr — O V]_ —
Vo =

fudv=uv— u'v; +u’v,...

[ x?% sin 3x dx

uv- uvt +u"vz2 —

)1

+ sin2x_+_C
4

sin 3x dx

fdv = [sin3xdx

cos 3x
3
sin 3x
9
cos 3x
27

2 (—cos 3x) _ZX(—sin 3x) + 2((:05 3x) +
3 9 27

2 .
— _X Ccos 3X + 2X sin 3x 2 cos 3x +c
3 9 27
3. Evaluate : [ x2 sin nx dx
Solution:
Let | = [ x? sin nx dx
Put u =x2 dv = sinnxdx
u’ = 2x [dv = [sinnxdx
u" - 2 vV = — COSs nx
n
u,,, -0 vi= — sit;znx
COS nx
Vo =

Judv=uv— u'vy +u'v,+...

—COSs nx
< (=37)
n

[ x2 sin nx dx

2

n3

_ZX(—s;nznx) + 2(c0;3nx) +C

- X C(I)lsnx 2XSI:IZIHX+2C:;HX+C
4, Evaluate: [ x3 sin x dx
Solution:
Let | = [ x3 sin x dx
Put u =x3 dv = sinxdx
u’ = 3x? [dv = [sinxdx
u” = 6x V = —cosx
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u” =6 vy = —sinx
u”"=0 V, = COS X
V3 = sinX
fudv=uv— u'vy +u’v, .....
[x3sinxdx = x3(—cos Xx) — (3x?) (—sin x) + 6x (cos X) — 6 (sin X) +¢

= —x3cosX+3x2sinX+6XCcosX—6SiNX+c

5. Evaluate : [ x cos 4x dx

Solution:
Let | = [ x cos 4x dx
Put u =x dv = cos4xdx
u' =1 [dv = [cos4xdx
" =0 v = sin 4x
4
vi= — o8 4x
1= 16
fudv=uv— u'vy +u'v,+...
in 4 - 4
[xcos4xdx = X(M) —1(M) +c
4 16
- xsin4x_'_cos4x_'_C
4 16
6. Evaluate : [ x2 cos 2x dx
Solution:
Let | = [ x? cos 2x dx
Put u =x2 dv = cos 2x dx
u’ = 2x [dv = [cos2xdx
u" =2 vV = sin 2x
2
" =0 v, = — cos 2x
4
sin 2x
VZ = —

8

Judv=uv— u'v; +u’v, +.....

[x%?cos2xdx = x? (%) —ZX(%SZX) + 2(_51;1 ZX) +C

2

X“ sin 2x | x cos 2x sin 2x

= + — +c
7. Evaluate : [ x2 cos nx dx ’ : '
Solution:
Let | = [ x2 cos nx dx
Put u =x? dv. = cos nx dx
u' = 2x [dv = [cosnxdx
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u" =2 VvV =
n

nro_ _ COoS nx
- 0 V1 - nz

_ sin nx
Vz - n3

fudv = uv— uvy+u'v,+...
sin nx —CO0S nx —sin nx
[x?cosnxdx = x?(—)—2x +2 +c
n n? n3

2 (sin nx 2X COS nx 2 sin nx
= X +
n? n3

n

8. Evaluate : [ x3 cosx dx
Solution:
Let I = [ x3 cos x dx

Put u =x3 dv. = cosxdx
u’ = 3x2 [dv = [cosxdx
u” = 6x vV = sinx
u”’ =6 vy = —COS X
u”""=0 v, = —sinXx
V3 = COS X

Judv=uv— u'v; +u"v, —u"'va+ ...
[ x3 cosx dx = x3 sin x — (3x?) (-cos X) + 6x (-sin X) - 6 (Cos X) + C
= x3 sin X + 3x? cos X — 6X SiN X -6 COS X + C

9. Evaluate : [ x e>* dx

Solution:
Let |=[xe*dx
Put u =x dv = e dx
u'=1 [dv = [e¥dx
u’ =0 vV = e
5
5X
V1 = E

Judv=uv—u'v; +u"v, - .-

ferax = x(F) - (5)+e

5X

10. Evaluate : [ x? e?* dx

Solution:
Let | = [ x? e?* dx dv = e?*dx
Put u =x2 [dv = [e¥*dx
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" e2X
u' =2 2 T
"= v, = ?

Judv=uv—u'v; +u"v, — ..o

e as = () (D) 2 (D)

:XZeZX_Xe2X+e2_X+C
2 2 4
11. Evaluate : [ x? e™ dx
Solution:
Let | = [ x? e™ dx
Put u =x? dv = e™dx
u’ = 2x [dv = [e™dx
u" =2 v =
n
no_ _ e™
u’'=0 Vi = ?
enX
V2= 3

Judv=uv—u'v; +u'v, — -~

nx

[x?e™dx = x? (e—) —2X (1—2) +

n
2 LNX 2 nx 2 nx
- X“ e _ Xe + e +C
n n? n3
12. Evaluate : [ x? e™ dx
Solution:
Letl = [ x? e *dx
Put u =x* dv = e™™dx
u’ = 2x [dv = [e™dx
-X
u’ =2 v = = _ex
-1
_a—2
u”’ =0 v;= —=e¥
-1
_ e -X
V= o =—e

Judv=uv—u'v; +u’v, .....
[x?e™dx = x?(—e™X) —2x(e™)+2(—e™X) +cC

= —x%e X —2xe¥*-2e ¥+
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13. Evaluate : [ x3 ¥ dx

Solution:
Let | = [ x3 e* dx
Put u =x3 [ dv
u’ = 3x? Vv
u” = 6x 2
u"=6 v
u"'’ = V3

fudv=uv—u'v; +u’v, —u

[ x3 e* dx

14. Evaluate : [(x? + 2) cos 2x dx
Solution:
Let | = [(x% + 2) cos 2x dx

Put u=x%*+2 dv
u’ = 2x [ dv
u’'=2 v
u”’ =0 vy

V2

Judv=uv—u'v; +u’v, — -+

J(x? + 2) cos 2x dx

_ (x242) (sin 2x)

m

V3 ...
= x3(eX) —3x? (eX) + 6x (eX) -6(eX) + ¢

x3eX —3x2eX+6xeX—6eX+cC

cos 2x dx
[ cos 2x dx

sin 2x
2
—Cos 2X
4

— sin 2x
8

(XZ n 2) (sin ZX) —9x (—co: ZX) +92 (— sin ZX) +e

2 8

X COS 2X sin 2x

2

15. Evaluate : [(x? — 4) sin 3x dx
Solution:
Let | = [(x% — 4) sin 3x dx

Put u=x*-4 dv
u’ = 2x [ dv
u’'=2 v
u”’ =0 vy

V2

Judv=uv—u'v; +u'v, — -

+C
2 4

sin 3x dx
[ sin 3x dx

—Ccos 3x
3

—sin 3x
9
cos 3x
27
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[(x? —4)sin3xdx = (x2—4) (%SBX) —2X (_Si: BX) +2 (COS 3X) +cC

27

2 .
—(x“—4) cos 3x 2x sin 3x cos 3x
3 9 27

16. Evaluate : [(x? — 2) e™2¥ dx

Solution:
Letl=[(x? —2) e 2 dx
Put u=x%*-2 dv= e dx
u' = 2x [dv = [e™2Xdx
u’ =2 v =
-2
vy = e

-8
fudv=uv—u'v, +u"v, — -
f(xz —2)e2%dx = (x2-12) (e

2 —2X —2X —2X
—(x“-2)e xe e
2 2 4

)= (5) o) v

X
-2

17. Evaluate : [ x? sin?x dx
Solution:
Let |

[ x% sin?x dx

_ 2 (1—cos 2x

= [ (55 ax

= 2 [(x% —x? cos 2x) dx

2
%[fxzdx — [ x? cos 2x dx]
%[i = foCOSZde] - @

3

Consider [ x? cos 2x dx

Put u =x? dv = cos 2xdx
u’ = 2x [dv = [cos2xdx
u” - 2 vV = sin 2x
2
—cos2
u”[ - 0 Vl - COS 2X
4
— sin 2x
v, =

8

Judv=uv—u'v; +u'"v, — -
2 _ .2 (sin2x — COoS 2X — sin 2x
Jx?cos2xdx = x* (——) —2x(——) +2(— —) +c

2 . .
X“ sin 2x X COS 2X sin 2x
= . + S +cC - @
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Using @ in O© we get

Part A

1 [x3 x? sin 2x X COS 2X sin 2x
o ()
213 2 2 4

1 [x3 x%sin 2x  xcos2x . sin2x

= S5 -=EE e

Exercise : 5.2.1

1. Write down the Bernoulli’s formula for [ u dv.

Part B and C
Evaluate the following:
1. [xsinxdx 2. [x%sinxdx
4. [ xsin6xdx 5. [ xsinnxdx
7. [ x%cos x dx 8. [ x?cos3x dx
10. [ x cos nx dx 11. [ xsin? x dx
13. [ x?cos? x dx 14. [ x3cos? x dx
16. [ x?e* dx 17. [xe* dx
19. [ (x?+5) sin x dx 20. [ (x?-2)cos 2x dx
Exercise : 5.2.1 - Answers
Part A
1. Judv=uv—u'v; +u'v,.....
Part Band C
1. —XCoSX+sinx+c
2. X2 COS X +2XSiNX+2CosSX+C
—X COS 4X sin 4x
3. " P +C
—X COS 6X sin 4x
4, ” + v +C
—X COS nX sin nx
5. — t——+¢C
6. XSinX+Ccosx+c¢C
7. X2 SiNX+2XCcosX-2sinX+¢
2 .
g, XM 2 053X -=sin3Xx+cC
3 9 27
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12.
15.
18.

J x sin 4x dx
[ x cos x dx
| x® cos 2x dx
[ x cos? x dx
[ x3sin? x dx

[ x? e dx



10.

11.

12.

13.

14.

15.

16.
17.

18.
19.
20.

3

x3sin 2x  3x% cos2x 3xsin2x 3 cos 2X
+ - - + C
2 4 4 8
X sinnx = cosnx
+ +C
n n2

1 [x? X sin 2x cos 2x
= — — +C
212 2 4

2 .
X X sin 2x COos 2X
— + +c

4 4 8
1[x3  x%sin2x |, xcos2x sin 2x
= [— + + — +c
213 2 2 4

4 3 i 2 ;
X X sin 2x 3X“ cos 2X 3x sin 2x 3 cos 2x
=+ + — — +c
8 4 8 8 16

4 3 i 2 ;
X X sin 2x 3X“ cos 2x 3x sin 2x 3 cos 2x
= — — + + +c
8 4 8 8 16

X2 eX—2x X+ 2e*+ ¢
—xe*X—e*+c¢
[_XZ e—ZX —x e—zx _ e—Zx

e e
2 2 4

— (X2 +5)COS X +2X SiN X +2COS X + C

- — +c

. 2 .
3 sin 2x 3X“ cos 2X 3x sin 2x 3 cos 2x
X° -2 +
( ) 2 4 4 8
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5.3 DEFINITE INTEGRALS
5.3.1 Introduction

If we find the value an integral of function in a given range of values of x then the integral is known
as a definite integral.

fab f(x) dx means the integral from a to b of f(x) with respect to x. Here ‘a’ and ‘b’ are called
the lower and upper limits of the definite integral.

[F(x) + cl?

[F(b) + ¢ — (F(a) + o)]
F(b)+c—F(a) —c
F(b) — F(a)

Now [’ f(x) dx

Note :
The constant of integration ‘¢’ disappears in a definite integral.

NN
>

N
\s

a

A= fbf(x) dx

Worked Examples:
1. Evaluate : fol(x2 +2x+3) (x+ 1) dx
Solution:
Given [ (x% + 2x +3) (x + 1) dx
= fol(x3 + 2x% +3x + x%2 4+ 2x + 3) dx
= fol(x3 + 3x% + 5x + 3) dx
PN 3y 1 o 1
OO RSO

1 5
= -+1+2+3
4 2
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1,5
= —+=+4
4 2
1+10+16
4

27

2. Evaluate : flz x(x — x%) dx
Solution:
Given flz X(x —x?)dx = ff(x2 —x3) dx

> x2dx — [? x3dx
f1 1

), - )]

3. Evaluate : [2sin x dx
Solution:

T

Given foz sin x dx [ cos gz cos 90° = 0,cos 0 = 1]

[—cosx]% = [—cos g— (—cos 0) ]

—-0+1

4. Evaluate : f04 (X2+2) dx

3

Solution:
Given f: (Xz:z) dx :é [f:(xz + 2)] dx
=3[+ 29)
= 3G 2w) - (F+2o)]
< il
— l -64+24]
3L 3
.
9
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5. Evaluate: fol(x2 +2x+3)(x+ 1) dx

Solution:
Given [ (% + 2x + 3)(x + 1) dx
Putu u = x?+4+2x+3 Whenx=0,u=3
du = (2x+2) dx Whenx=1,u=6
du = 2(x+1) dx
~du = (x+1) dx
fol(xz +2x+3)(x+1)dx = f:u% du
_ 1[6
= = [f3 udu]
_ 1 [u? 6
= 215
— lr2 a2
= 16237
- lrap
= ;[36-9]
- Z
B
6. Evaluate : [2 (ff:iznxx) dx
Solution:
. 2 [ cos?x _ (~1-sin?x
Given foz (1+sin x) dx = 0Z 1+sin x dx

- (1+sinx) (1-sin x)
2
J-0 (1+sinx) dx

J2(1 = sinx) dx

[x — (—cosx)]g

T

X+ cosx]g

I
—
1a

+ cos g— (0 + cos 0)]

E+0-+1)]
= g-l

7. Evaluate : [2cos?® x dx

Solution:

Given J2 cos? x dx [ cos?x =

— fg (1+cos ZX) dx
0 2

1+cos ZX]
2
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a

2

— l-X_I_sian]
2L 2 0

- 1z+si“2(§)_(0+w)l
2 |2 2 2

_ 1[mn | sin=zn

= s+ -0

_ 1=

= ;[+9]

- I

I

8. Evaluate : [2sin® x dx

Solution:
n
i Z . 3
Given J2sin® x dx

sin3x = 3sin x — 4 sin3x
4sin® x = 3sin x — sin 3x
-3 _  3sinx-—sin 3x
sinfx = =>—>"°

4

J2sin® x dx J2 E (3sinx — sin 3x)] dx

foii (3 sinx — sin 3x)dx

%[foz 3 sinx dx — [Z sin 3xdx]

|

T

—cos BX)E
3 0

% I3(—cos x)% — (

_ 17 1
= 30+ - (-0+3)]
- 1[5 _1
T4 ,3 3]
- 1ot
" oal3
- 1[8-8
T4 _3] 12
-2
T3
2
9. Evaluate : [ x logx dx
Solution:
Given flz x logx dx
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Put u = logx dv. = xdx
du = Zdx [dv = [xdx
ffxlogx dx = Judv
= [uv]-f vdu

= ~[(41og2 — logl)] — = [4 — 1]

= 2log2 -2
10. Evaluate : ff logx dx
Solution:
Given flz logx dx
Put u = logx dv = dx
3—2 = i Jdv = [dx
du = idx V = X
flz logxdx = [logx (x)]? — flzx (i) dx
= [xlogx]? - flz dx
= (xlogx)f — [x]f
= (2log2—-1log1) - (2-1)
= (2log2-0)—-(2) [+ log 1=0]
[llogxdx = 2log2-1
11. Evaluate : ffi dx
Solution:
Given ffi dx
= [logxI}
= log2 — logl [+ log1=0]
= log2
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11.

Part -A

o &M w0 DN
© = aly wlx

S
a

» 13

Exercise: 5.3.1

71+ x+x2) dx 2. [ix—x?)dx
fog cos x dx 4. fon sinx dx

fog tan? x dx 6. fog sin? x dx

fog cos® x dx 8. fog% dx
fog(z + sinx)? dx 10. foz 3(x—1)%dx
fog sec? x dx 12. fog cosec? x dx

Exercise: 5.3.1 - Answers:

7. 2
3
8. 1
2
9 L
3
10. 2
11. 1

12. oo (infinite)

5.3.2 Properties of Definite Integrals

Properties :

1.

2.

6.
Note :

[fdx = [fy)dy

Liodx = — [0 dx

LEeodx = [T dx+ [ () dx

f_aa fx)dx = 2 foa f(x) dx , Where f(x) is Even function

If f(x) is odd function ,
then, [° f(x)dx=0
fdx = [ fa—x)dx
1. f(x) is Even function when f (-x) = f (x)
2. T (x) is odd function when f (-x) = - f (X)
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Part B & C

1. Evaluate : [z—S"X

0 sin x+cos x

Solution:

| = 20X g - O

0 sin x+cos x
By the property, [ f(x)dx = [ f(a — x)dx
fE sin(z—x) dx

0 sin (g—x)+cos (g—x)

T

= cos X

= X 4y 5@
0 cosx + sinx

T . s

- sinx ~  CcOsXx
O+Q@ = I+1=f2———dx+ [2————dx

0 sin x+cos x 0 cos x+sin x

T .
21 = J-E sin x+cos x
0 sin x+cos x

= fOEdX

a

Il
N | =
Ol
Q.
>

1a

~
<

—

onN

/
/
Sla N3
N—r |
S
N—

DA NIR NIk N[

TE .

- sinx n
Hence, 2————dx = -
0 sin x+cos x 4

2. Evaluate : [2log (tan x) dx

Solution:
| = foglog (tanx)dx - O
By the property, foa f(x)dx = foa f(a — x)dx
| = fog log [tan (g—x)] dx

= J2log(cotx)dx —» @

O+ @ =2l J2 log (tanx) dx + J2 log (cot x) dx

= JZ [log (tan x) dx + log (cot x) dx |

T

= JZlog[tanx.cotx] dx
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T
5
T
5

21

21
I

log(1)dx ~ logl=0

0dx

3. Evaluate : [2 x sin x dx

2

Solution:

f(x)
f(=x)

X

f(—x)

X Sin X

—X sin (—x)

—X (= sin x)

sin x = f(x)

f(x)

f(—x) is a Even function

T
Hence, [Z x sin x dx

2

u=x
u'=1
u" =0
fudv=uv

TE
J2x sin dx

2 fogx sinxdx > @ [+ [° f(x)dx = 2 f] f(x)dx]

21
x
Jexsinx dx

[dv = [sinxdx

\

-COS X

vy = -sin X

u'vy +uvyt ..

[x(—cos x) — (1)(—sinx)]g0

—X cos X + sin x)]2

(-

[ g cos- +sm] [—0 cos 0 + sin 0]
[0+1] -

1

Substitute in equation @

T

% x sin x dx
2

K
2J2xsinx dx

2(1)
2
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4. Evaluate : [%x3 sin? x dx

Solution:
f(x) = x3sin?x =x3 (sinx)?
f(—x) = (—x)3[sin (—x)]?> = —x3 (—sin x)?

=  —x3sin’x
f(=x) = —f(x)
. T(x) is odd function,
g fix3 sinfxdx = 0

4

T

5. Evaluate : f%sin x cos*x dx
2
Solution:
f(x) = sinx cos’x
= sin X[cos x]*
f(—x) = sin (—x) [cos (—x)]* = —sin x cos*x
f(=x) = —f(x)
f(x) is a odd function,
Jasinx cos*xdx = 0

2

6. Evaluate : [ log( )dx

Solution:
f(x) = log (3Z)=log (3-x) — log (3+2)
f(—x)= log (3+x) — log (3—X)
= —[log(3—x) — log (3+x)]
= log (32) = 4(x)
f(x) is a odd function,
f log ( )dx =0
7. Evaluate : ésin2 x dx
Solution:
f(x) = sin?x
f(—x) = [sin (=x)]? = (—sinx)? = sin?x = f(x)
f(—x) = f(x)

. f(x) is a even function,
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f

N

Evaluate :

Evaluate :

Evaluate :

Evaluate :

Evaluate :

O O WwWlid »la »13

sin? x dx

— 2_{05 (1—C(2)s ZX) dx
= 2 % fOE(l — cos 2x)dx

= J2dx— [Zcos 2x dx

- (X)% _ (sinZZx)E

0

< (o) 22 ()l

- *_Ir9_ - o
= 3 2[0 0] [+ sinm
= I_ 0
2
- T
T2
Exercise: 5.3.2
n N
oGm0z g 6.
(sin x)2+(cos x)2
J-g sin x d 7.
0 sin x++cos x
JZ cos® x dx 8.
2
f_ll sin® x cos* x dx 9.

T[
% x3 cos? x dx
4

= 0,sin0 =

Evaluate :

Evaluate :

Evaluate :

Evaluate :

Exercise: 5.3.2 - Answers

© N o
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ala &la O Wl

2 fo sin?xdx  [[° f()dx = 2 [ f(x)dx]

0]

T
2 sin? cos x dx
2
n
J% xsin? x dx
4

fg dx

0 1++cotx
™
E dx

0 1++vtanx




