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Exercise : 4.3.1 - Answers   

1. tan-1 (x) + c 

2. sin-1 (x) + c 

3. 
1

3
  tan-1 (x/3) + c 

4. 
1

12
  tan-1 (

3x + 2

4
) + c 

5. 
1

4
  log (

x

x + 4
) + c 

6. 
1

5
  sin-1 (

x−1

5
) + c 

7. 
1

6
  tan-1 (

3x

2
) + c 

8. 
1

12
  log (

3 + 2x

3−2x
) + c 

9. sin-1 (x/3) + c 

10. 
1

10
  log (

x − 5

x + 5
)  +  c 
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5.1  METHODS OF INTEGRATION - INTEGRATION BY PARTS 

5.1.1 Introduction  

At this point, we have seen the integrals of the functions involving only one function.  

Integration by parts is applied when the integral is a product of two functions.  The evaluation of the 

integral depends upon the proper choice of u and v.   

We have observed that every differentiation rule gives rise to corresponding integration rule. 

We know the product rule is, 

 If u and v are functions of x,  

  
d

dx
 (uv)  =  u 

dv

dx
 + v 

du

dx
 

Integrating both sides with respect to x, we get  

 ∫
d

dx
  (uv) dx = ∫ u 

dv

dx
 dx + ∫ v 

du

dx
 dx 

 ∫ d (uv)  = ∫ udv + ∫ vdu  

 uv  = ∫ udv + ∫ vdu 

 ∫ udv  = uv − ∫ vdu 

This rule is called integration by parts. 

Note : 

1) Integration by parts method is generally used to find the integral when the integrand is a 

product of two different types of functions (or) a single logarithmic function (or) a single 

inverse trigonometric function (or) a function which is not integrable directly. 

2) When both functions of Integrand has direct integral values then the function in the form of 

polynomial in x is taken as u and other function [Trigonometric or exponential is taken as dv]. 

3) When any one of the functions of Integrand does not have direct integral value (i.e., functions 

like log x, sin-1x, cos-1x …) then that function is taken as u and other function is taken as dv. 

Worked Examples: 

Part - A 

1)  Evaluate :  ∫ xex dx  

Solution : 

  Let  u = x dv = ex dx 

  
du

dx
 = 1 ∫ dv = ∫ ex dx  

  du = dx v = ex 

   ∫ udv = uv − ∫ vdu 

   ∫ x ex dx =  x ex − ∫ ex dx 

    =  x ex − ex + c 

UNIT - V INTEGRAL CALCULUS II 
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2)  Evaluate : ∫ log x dx 

Solution : 

 Let  u =   log x  dv  = dx 

  
du

dx
 =  

1

x
   ∫ dv = ∫ dx  

  du =   
1

x
  dx v  = x 

   ∫ udv = uv − ∫ vdu 

   ∫ logx dx =  logx x − ∫ x 
1

x
 dx 

    = x logx − ∫ 1dx 

    =  x logx − x + c 

Part – B and C 

1)  Evaluate : ∫ x logx dx 

Solution : 

 Let  u = logx  dv = xdx 

  
du

dx
 = 

1

x
  ∫ dv = ∫ xdx  

  du = 
1

x
 dx v = 

x2

2
 

 Integration by parts rule,   

   ∫ udv = uv − ∫ vdu 

  ∫ logx x dx  =  (logx) (
x2

2
) − ∫ (

x2

2
) (

1

x
) dx  

    = 
x2

2
 logx − 

1

2
 ∫ xdx + c 

    =  
x2

2
 logx − 

1

2
  

x2

2
 +c 

    = 
x2

2
 logx − 

x2

4
 +c 

2)  Evaluate : ∫ xn logx dx 

Solution : 

 Let  u = logx  dv =  xn dx 

  
du

dx
 =  

1

x
 ∫ dv = ∫ xn dx  

  du =  
1

x
 dx v = 

xn+1

n+1
 

 Integration by parts rule,  

   ∫ udv = uv − ∫ vdu 

  ∫ logx  xn dx  =  (logx) (
xn+1

n+1
) − ∫ (

xn+1

n+1
) (

1

x
) dx  

    = 
xn+1

n+1
 logx − 

1

n+1
 ∫ xn dx + c 
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    =  
xn+1

n+1
 logx − 

1

n+1
 (

xn+1

n+1
) + c 

    = 
xn+1

n+1
 logx − 

xn+1

(n+1)2 + c 

3)  Evaluate : ∫ x e2x dx 

Solution : 

 Let  u =  x   dv = e2x dx 

  du =  dx  ∫ dv = ∫ e2x  dx  

       v = 
e2x

2
 

 Integration by parts rule, 

   ∫ udv = uv − ∫ vdu 

  ∫ x e2x dx  =  x (
e2x

2
) − ∫

e2x

2
 dx  

    = 
x e2x

2
 − 

1

2
 (

e2x

2
) + c 

    =  
x e2x

2
 − 

e2x

4
 + c 

4)  Evaluate : ∫ x enx dx 

Solution : 

 Let  u =  x   dv = enx dx 

  du =  dx  ∫ dv = ∫ enx  dx  

       v = 
enx

n
 

 Integration by parts rule, 

   ∫ udv = uv − ∫ vdu 

  ∫ x enx dx  =  x (
enx

n
) − ∫

enx

n
 dx  

    = 
x enx

n
 − 

1

n
 ∫ enx dx 

    = 
x enx

n
 − 

1

n
 (

enx

n
) + c  

    =  
x enx

n
 − 

enx

n2  + c 

5)  Evaluate : ∫ x e−x dx 

Solution : 

 Let  u  = x   dv = e−x dx 

  du = dx  ∫ dv = ∫ e−x dx  

      v = 
e−x

−1
 = -e-x 

 Integration by parts rule, 

   ∫ udv = uv − ∫ vdu 

  ∫ x e−x dx  =  x (−e−x) − ∫(−e−x) dx  
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    = −xe−x +  ∫ e−x dx 

    =  −xe−x +   
e−x

−1
 + c 

    = −xe−x − e−x + c 

6)  Evaluate : ∫ x sin 3x dx 

Solution : 

 Let  u = x   dv = sin 3x dx 

  du = dx  ∫ dv = ∫ sin 3x dx  

      v = 
−cos 3x

3
  

 Integration by parts rule, 

   ∫ udv       =   uv − ∫ vdu 

  ∫ x sin 3x dx  =  x (
−cos 3x

3
) − ∫ (

−cos 3x

3
) dx  

    = 
−x cos 3x

3
 + 

1

3
  ∫ cos 3x dx 

    =  
−x cos 3x

3
 + 

1

3
 (

sin 3x

3
)   + c 

    = 
−x cos 3x

3
 + 

sin 3x

9
 + c 

7)  Evaluate : ∫ x sin nx dx 

Solution : 

 Let  u  = x  dv = sin nx dx 

  du = dx ∫ dv = ∫ sin nx dx  

     v = 
−cos nx

n
  

 Integration by parts rule, 

   ∫ udv = uv − ∫ vdu 

  ∫ x sin nx dx  =  x (
−cos nx

n
) − ∫ (

−cos nx

n
) dx  

    = 
−x cos nx

n
 + 

1

n
  ∫ cos nx dx 

    =  
−x cos nx

n
 + 

1

n
 (

sin nx

n
)   + c 

    = 
−x cos nx

n
 + 

sin nx

n2  + c 

8)  Evaluate : ∫ x cos x dx 

Solution : 

 Let  u = x   dv = cos x dx 

  du = dx  ∫ dv = ∫ cos x dx  

      v = sin x  
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Integration by parts rule, 

   ∫ udv = uv − ∫ vdu 

  ∫ x cos x dx  =  x sin x − ∫ sin x dx  

    = x sin x − (− cos x) + c 

    =  x sin x + cos x+ c 

9)  Evaluate : ∫ x cos nx dx 

Solution : 

 Let  u = x   dv  = cos nx dx 

  du = dx  ∫ dv = ∫ cos nx dx  

      v  = 
sin nx

n
  

 Integration by parts rule, 

   ∫ udv = uv − ∫ vdu 

  ∫ x cos nx dx  = x (
sin nx

n
) − ∫

sin nx

n
 dx  

    = 
x sin nx

n
 −  

1

n
  ∫ sin nx dx 

    = 
x sin nx

n
 + 

cos nx

n2  + c 

10)  Evaluate : ∫ x cos2 x dx 

Solution : 

  Let I = ∫ x cos2 x dx 

   = ∫ x (
1+cos 2x

2
)dx 

   = 
1

2
 ∫ (x + x cos 2x) dx 

   = 
1

2
 [∫ x dx + ∫ x cos 2x dx] 

   = 
1

2
 [

x2

2
+ ∫ x cos 2x dx] . . . . (1) 

 Consider ∫ x cos 2x dx 

 Let  u = x  dv = cos 2x dx 

  du = dx ∫ dv = ∫ cos 2x dx  

     v = 
sin 2x

2
  

 Integration by parts rule, 

   ∫ udv = uv − ∫ vdu 

  ∫ x cos 2x dx  = x (
sin 2x

2
) − ∫

sin 2x

2
 dx  

    = 
x sin 2x

2
 − 

1

2
  ∫ sin 2x dx 
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    = 
x sin 2x

2
 − 

1

2
 (

−cos 2x

2
) 

    = 
x sin 2x

2
 + 

cos 2x

4
  . . . . (2) 

 Using (2) in (1) we get 

   I = 
1

2
 [

x2

2
+

x sin 2x

2
+

cos 2x

4
] + c 

  ∫ x cos2 x dx = 
1

2
   [

x2

2
+

x sin 2x

2
+

cos 2x

4
] + c 

11)  Evaluate : ∫ sin-1 x dx 

Solution : 

 Let  u = sin-1 x  dv = dx 

  du =  
1

√1−x2
 dx ∫ dv = ∫ dx 

       v = x  

  ∫ sin-1 x dx  =  x sin-1 x – ∫
x

√1−x2
  dx 

   Take t = 1 – x2   

   dt = - 2x dx 

   
dt

−2
  = x dx  

   ∫ sin-1 x dx  =  x sin-1 x – ∫
dt

−2

√t
   

   =  x sin-1 x + 
1

2
  ∫

dt

√t
   

   =  x sin-1 x + 
1

2
  2 √t + c 

   =  x sin-1 x + √1 − x2 + c 

 

Exercise : 5.1.1 

Evaluate the following : 

 1) ∫ x2 log x dx  2) ∫ x3 log x dx 

 3)  ∫ (log x)2 dx  4) ∫ log 3x dx 

 5) ∫ x sin x dx  6)  ∫ x sin 2x dx 

 7) ∫ x sec x tan x dx  8) ∫ x sin2 x dx 

 9) ∫ x tan-1 x dx  10) ∫ x e4x  dx 

 11) ∫ x cos 4x dx  12)  ∫ cos-1 x dx 

 13) ∫ x e5x  dx  14)  ∫ x sin 4x dx 

 15) ∫ x sin 6x dx  16)  ∫ x cos 2x dx 

 17) ∫ x e-3x  dx  18)  ∫ x e-4x  dx 
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Exercise : 5.1.1 - Answers 

 1) 
x3

3
 log x − 

x3

9
 + c   2) 

x4

4
 log x − 

x4

16
 + c 

 3)  x (log x)2 − 2x (log x) + 2x + c 4) x log 3 x − x + c 

 5) −x cos x + sin x + c  6)  
−x cos 2x

2
 + 

sin 2x

4
 + c 

 7) x sec x − log (secx +tan x) + c  8) 
1

2
 [

−x sin 2x

2
−

cos 2x

4
] + c 

 9) 
1

2
 [x2 tan−1x + tan−1x − x]+ c  10)  

xe4x

4
 − 

xe4x

16
 + c 

 11) x
sin 4x

4
+

cos 4x

16
 + c   12)  x cos-1 x − √1 − x2 + c 

 13) 
xe5x

5
 − 

xe5x

25
 + c   14)  

−x cos 4x

4
 + 

sin 4x

16
 + c 

 15) 
−x cos 6x

6
 + 

sin 6x

36
 + c  16)  

x sin 2x

2
 + 

cos 2x

4
 + c 

 17)  
−xe−3x

3
 − 

e−3x

9
 + c   18)  

−xe−4x

4
 − 

e−4x

16
 + c 

 

5.1.2 Integration by parts for Integrand is of the form emx cos nx or emx sin nx 

We illustrate that there are some integrals whose integration continues forever. Whenever we 

integrate function of the form emx cos nx or emx sin nx, we have to use integration by parts twice to 

get the similar integral on both sides and to solve. 

Result   

 (i) ∫ emx cos nx dx = 
emx

m2+n2 [m cos nx + n sin nx] + c 

 (ii) ∫ emx sin nx dx = 
emx

m2+n2 [m sin nx - n cos nx] + c 

Proof : (i) Let I = ∫ emx cos nx dx 

  Take   u = cos nx ,   du = −n sin nx dx 

     dv = emx ,   ∫ dv = ∫ emx  

          v = 
emx

m
  

  Applying Integration by parts we get 

Formula :  ∫ udv = uv − ∫ vdu 

 I = ∫ emx cos nx dx  = cos nx (
emx

m
) − ∫

emx

m
 (-n sin nx) dx  

   I = 
emx

m
 cos nx + 

n

m
  ∫ emx sin nx dx 

  Take   u = sin nx ,      dv = emx dx  

     du = n cos nx dx  ∫ dv =  ∫ emx dx 

          v = 
emx

m
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  Applying Integration by parts, we get 

   I  = 
emx

m
 cos nx + 

n

m
 [

emx

m
sin nx − ∫

emx

m
 n cos nx dx]  

    = 
emx

m
 cos nx + 

nemx

m2   sin nx − 
n2

m2 ∫ emx cos nx dx 

   I = 
emx

m
 cos nx + 

n

m2  emx  sin nx − 
n2

m2 I 

   I + 
n2

m2 I = 
emx

m
 cos nx + 

n

m2  emx  sin nx  

   I + 
n2

m2 I = 
emx

m2  cos nx + 
n

m2  emx  sin nx   

  (1 +
n2

m2) I = 
emx

m2  [m cos nx +  n sin nx] 

  (
m2+n2

m2 ) I = 
emx

m2  [m cos nx +  n sin nx] 

   I = 
emx

m2+n2 [m cos nx +  n sin nx]+ c 

 Therefore  ∫ emx cos nx dx  =  
emx

m2+n2 [m cos nx +  n sin nx]+ c 

 Similarly   ∫ emx sin nx dx  =  
emx

m2+n2 [m sin nx −  n cos nx]+ c 

 

Worked Examples: 

Example 

1) Evaluate the integral 

  ∫ e2x  sin x dx 

 using the formula 

 ∫ emx sin nx dx = 
emx

m2+n2 [m sin nx − n cos nx dx]+ c 

  For m = 2, n = 1 

 ∫ e2x  sin x dx = 
e2x

22+12 [2 sin x − 1 cos x]+ c 

    = 
e2x

5
 [2 sin x − cos x]+ c 

2) Evaluate the integral 

 ∫ e−3x cos 2x dx 

 using the formula 

 ∫ emx cos nx dx = 
emx

m2+n2 [m cos nx + n sin nx dx]+ c 

  For m = −3, n = 2 

 ∫ e−3x cos 2x dx = 
e−3x

(−3)2+(2)2 [−3 cos 2x + 2 sin 2x]+ c 

    = 
e−3x

13
 [−3 cos 2x + 2 sin 2x]+ c 
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Exercise : 5.1.2 

 Evaluate the following : 

 1) ∫ emx sin nx dx   

 2)  ∫ e-x cos 2x dx   

 3) ∫ e-5x sin 3x dx   

 4) ∫ e3x cos 2x dx   

 5) ∫ e-4x sin 2x dx   

 6) ∫ e-3x cos x dx 

 7)  ∫ x e-3x sin 2x dx 

Exercise : 5.1.2 - Answers 

 1) 
emx

m2+n2 [m sin nx − n cos nx] + c    

 2)  
e−x

5
 [2 sin 2x − cos 2x] + c   

 3) 
−e−5x

34
 [5 sin 3x + 3 cos 3x] + c    

 4) 
e3x

13
 [3 cos 2x − 2 sin 2x] + c   

 5) 
e−4x

10
 [2 sin 2x + cos 2x] + c   

 6) 
e−3x

10
 [sin x − 3 cos x] + c    

 7) 
−e−3x

13
 [3 sin 2x + 2 cos 2x] + c 
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5.2 BERNOULLI’S FORMULA 

The integration by parts formula will be difficult to apply repeatedly; It takes a lot of space to 

write down and chances are more to make a distribution error. Fortunately, there is a purely 

mechanical procedure for performing integration by parts without writing down so much called 

tabular integration by parts (or) Bernoulli’s formula. It is based on the following theorem. 

Bernoulli’s Formula (Tabular method) : 

Suppose that u and v are functions of x and define a sequence of derivatives of u by 

 u′ = 
du

dx
 , u″ = (

du

dx
)'

,  u‴ = (
du

dx
)''

  

and define a sequence of integrals of v by 

  v1 = ∫ v dx ,  v2 = ∫ v1 dx , v3 = ∫ v2 dx 

 Then  ∫ u dv = uv − u′ v1 + u″ v2 − u‴ v3 + . . .  

Proof : 

 We know that ∫ u dv = uv − ∫ v du 

     = uv − ∫ u′dv1 

     = uv −[u′ v1  −  ∫ v1 du′] 

     = uv − u′ v1+ ∫ u″dv2 

     = uv − u′ v1+ [u″ v2 − ∫ v2 du″] 

     = uv − u′ v1 + u″ v2 − u‴ v3 + . . . 

Proceeding like this we get the required formula 

  ∫ u dv = uv − u′ v1 + u″ v2 − u‴ v3 + . . . 

Note : 

 This technique is often used when the integrand is a product of two different classes of 

functions.  There are five classes of elementary functions, ILATE : Inverse Logarthmic, Algebraic, 

Trigonometric, Trigonometric and Exponential.   

 The success of this method depends on the proper choice of u and v.   

 To avoid confusion, in the choice of u, give preference in this order ILATE.  

Worked Examples: 

Part – B 

1. Evaluate : ∫ x sin 2x dx 

Solution: 

 Let I = ∫ x sin 2x dx 

 Put u = x   dv  = sin 2x dx 

      ∫ dv = ∫ sin 2x 

  u′ = 1    v = − 
cos 2x

2
 

  u′′ = 0    v1 = − 
sin 2x

4
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 ∴ I = ∫ x sin 2x dx = uv -  u′v1 + u″v2 − ⋯ 

      = x(
−cos 2x

2
) −1(

−sin 2x

4
)+c 

      = − 
x cos 2x

2
 +  

sin 2x

4
 + c 

2. Evaluate ∶ ∫ x2 sin 3x dx 

Solution: 

 Let I = ∫ x2 sin 3x dx 

 Put u = x2   dv  = sin 3x dx 

  u′ = 2x   ∫ dv = ∫ sin 3x dx 

  u″ = 2    v = − 
cos 3x

3
 

  u″′ = 0    v1 = − 
sin 3x

9
 

       v2 = 
cos 3x

27
  

 ∫ u dv = uv −  u′v1 + u″v2 . . . 

  ∫ x2 sin 3x dx = x2 (
−cos 3x

3
) −2x(

−sin 3x

9
) + 2(

cos 3x

27
) + c 

     = − 
x2 cos 3x

3
 + 

2x sin 3x

9
 + 

2 cos 3x

27
 + c 

3. Evaluate : ∫ x2 sin nx dx 

Solution: 

 Let I = ∫ x2 sin nx dx 

 Put u  = x2   dv  = sin nx dx 

  u′ = 2x   ∫ dv = ∫ sin nx dx 

  u″ = 2    v = − 
cos nx

n
 

  u″′ = 0    v1 = − 
sin nx

n2  

       v2 = 
cos nx

n3   

 ∫ u dv = uv −  u′v1 + u″v2+ . . . 

  ∫ x2 sin nx dx = x2 (
−cos nx

n
) −2x(

−sin nx

n2 ) + 2(
cos nx

n3 ) + c 

     =  − 
x2 cos nx

n
 + 

2x sin nx

n2  + 
2 cos nx

n3  + c 

4. Evaluate: ∫ x3 sin x dx 

Solution: 

 Let I = ∫ x3 sin x dx 

 Put u  = x3   dv  = sin x dx 

  u′ = 3x2  ∫ dv = ∫ sin x dx 

  u″ = 6x   v = − cos x 
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  u‴ = 6    v1  = − sin x 

  u″″ = 0   v2 = cos x 

       v3 = sin x 

  ∫ u dv = uv −  u′v1 + u″v2 ….. 

  ∫ x3 sin x dx  = x3 (−cos x) – (3x2) (−sin x) + 6x (cos x) − 6 (sin x)  + c 

     = −x3 cos x + 3x2 sin x + 6x cos x − 6 sin x + c 

5. Evaluate : ∫ x cos 4x dx 

Solution: 

 Let I = ∫ x cos 4x dx 

 Put u  = x   dv  = cos 4x dx 

  u′ = 1   ∫ dv = ∫ cos 4x dx 

  u″ = 0    v = 
sin 4x

4
 

       v1 = − 
cos 4x

16
 

 ∫ u dv = uv −  u′v1 + u″v2+ . . . 

  ∫ x cos 4x dx = x (
sin 4x

4
) −1 (

−cos 4x

16
) + c 

     =  
x sin 4x

4
 + 

cos 4x

16
 + c 

6. Evaluate : ∫ x2 cos 2x dx 

Solution: 

 Let I = ∫ x2 cos 2x dx 

 Put u  = x2   dv  = cos 2x dx 

  u′ = 2x   ∫ dv = ∫ cos 2x dx 

  u″ = 2    v = 
sin 2x

2
 

  u″′ = 0    v1 = −
cos 2x

4
 

       v2 = −
sin 2x

8
 

 ∫ u dv = uv −  u′v1 + u″v2 + ….. 

  ∫ x2 cos 2x dx = x2 (
sin 2x

2
) −2x(

−cos 2x

4
) + 2(

−sin 2x

8
) + c 

     =  
x2 sin 2x

2
 + 

x cos 2x

2
 − 

sin 2x

4
 + c 

7. Evaluate : ∫ x2 cos nx dx 

Solution: 

 Let I = ∫ x2 cos nx dx 

 Put u  = x2   dv  = cos nx dx 

  u′ = 2x   ∫ dv = ∫ cos nx dx 
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  u″ = 2    v = 
sin nx

n
 

  u″′ = 0    v1 = −
cos nx

n2  

       v2 = − 
sin nx

n3  

     ∫ u dv    =    uv −  u′v1 + u″v2 + ….. 

  ∫ x2 cos nx dx = x2 (
sin nx

n
) −2x(

−cos nx

n2 ) + 2(
−sin nx

n3 ) + c 

     =  x2 (
sin nx

n
) + 

2x cos nx

n2  − 
2 sin nx

n3  + c 

8. Evaluate : ∫ x3 cosx dx 

Solution: 

 Let I = ∫ x3 cos x dx 

 Put u  = x3   dv  = cos x dx 

  u′ = 3x2  ∫ dv = ∫ cos x dx 

  u″ = 6x   v = sin x 

  u″′ = 6    v1 = −cos x 

  u″′′ = 0   v2 = −sin x 

       v3 = cos x 

  ∫ u dv = uv −  u′v1 + u″v2 − u″′v3+ ….. 

  ∫ x3 cosx dx = x3 sin x − (3x2) (-cos x) + 6x (-sin x) -  6 (cos x) + c 

    = x3 sin x + 3x2 cos x − 6x sin x - 6 cos x + c     

9. Evaluate : ∫ x e5x  dx 

Solution: 

 Let  I = ∫ x e5x  dx 

 Put u  = x   dv =  e5x dx 

  u′ = 1   ∫ dv = ∫ e5x dx 

  u″ = 0    v = 
e5x

5
 

       v1 = 
e5x

25
  

 ∫ u dv = uv − u′v1 + u″v2  -  ….  

  ∫ e5x dx = x (
e5x

5
) − (1) (

e5x

25
) + c 

   =  
x e5x

5
 −  

e5x

25
 + c 

10. Evaluate : ∫ x2 e2x dx 

Solution: 

 Let I = ∫ x2 e2x  dx    dv =  e2x dx 

 Put u  = x2   ∫ dv = ∫ e2x dx 
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  u′ = 2x    v = 
e2x

2
 

  u″ = 2    v1 = 
e2x

4
 

  u″′ = 0    v2 = 
e2x

8
 

∫ u dv = uv − u′v1 + u″v2 − ….. 

  ∫ x2 e2x  dx = x2 (
e2x

2
) −2x(

e2x

4
) + 2 (

e2x

8
) + c 

    = 
x2 e2x

2
 − 

x e2x

2
 + 

e2x

4
 + c 

11. Evaluate : ∫ x2 enx dx 

Solution: 

 Let I = ∫ x2 enx  dx 

 Put u  = x2     dv = enx  dx 

  u′ = 2x   ∫ dv = ∫ enx dx 

  u″ = 2    v = 
enx

n
 

  u″′ = 0    v1 = 
enx

n2  

       v2 = 
enx

n3  

∫ u dv = uv − u′v1 + u″v2 − ….. 

  ∫ x2 enx  dx = x2 (
enx

n
) −2x (

enx

n2 ) + 2 (
enx

n3 ) + c 

    = 
x2 enx

n
 − 

2 x enx

n2  + 
2 enx

n3  + c 

12. Evaluate : ∫ x2 e−x dx 

Solution: 

 Let I = ∫ x2 e−x dx 

 Put u  = x2     dv = e−x dx 

  u′ = 2x   ∫ dv = ∫ e−x dx 

  u″ = 2    v = 
e−x

−1
 = −e−x 

  u″′ = 0    v1 = 
−e−2

−1
 = e−x 

       v2 = 
e−x

−1
 = − e−x 

∫ u dv = uv − u′v1 + u″v2 ….. 

         ∫ x2 e−x dx    =  x2(−e−x) −2x (e−x) + 2(−e−x) + c 

           =   −x2e−x − 2 x e−x – 2 e−x + c 
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13. Evaluate : ∫ x3 ex dx 

Solution: 

 Let I = ∫ x3 ex dx 

 Put u  = x3    ∫ dv = ∫ ex dx 

  u′ = 3x2   v = ex 

  u″ = 6x   v1 = ex 

  u‴ = 6    v2 = ex 

  u″′′ = 0   v3 = ex 

 ∫ u dv = uv − u′v1 + u″v2 − u‴v3 ….. 

 ∫ x3 ex dx  = x3(ex) −3x2 (ex) + 6x (ex) – 6(ex) + c 

    = x3ex − 3 x2 ex + 6x ex − 6 ex + c 

14. Evaluate : ∫(x2 + 2) cos 2x dx  

Solution: 

 Let I = ∫(x2 + 2) cos 2x dx 

 Put u  = x2 + 2   dv = cos 2x dx 

  u′ = 2x   ∫ dv = ∫ cos 2x dx  

  u″ = 2    v = 
sin 2x

2
 

  u″′ = 0    v1 = 
−cos 2x

4
 

       v2 = 
− sin 2x

8
 

∫ u dv = uv − u′v1 + u″v2 − ….. 

  ∫(x2 + 2) cos 2x dx = (x2 + 2) (
sin 2x

2
) −2x (

−cos 2x

4
) + 2 (

− sin 2x

8
) + c 

       = 
(x2+2) (sin 2x)

2
 + 

x cos 2x

2
 − 

sin 2x

4
 + c 

15. Evaluate : ∫(x2 − 4) sin 3x dx  

Solution: 

 Let I = ∫(x2 − 4) sin 3x dx 

 Put u  = x2 − 4   dv = sin 3x dx 

  u′ = 2x   ∫ dv = ∫ sin 3x dx  

  u″ = 2    v = 
−cos 3x

3
 

  u″′ = 0    v1 = 
−sin 3x

9
 

       v2 = 
cos 3x

27
 

∫ u dv = uv − u′v1 + u″v2 − ….. 
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  ∫(x2 − 4) sin 3x dx = (x2 − 4) (
−cos 3x

3
) −2x (

−sin 3x

9
) + 2 (

cos 3x

27
) + c 

      = 
−(x2−4) cos 3x

3
 + 

2x sin 3x

9
 + 

 cos 3x

27
 + c 

16. Evaluate : ∫(x2 − 2) e−2x dx  

Solution: 

 Let I = ∫(x2 − 2) e−2x dx 

 Put u  = x2 − 2   dv = e−2x dx 

  u′ = 2x   ∫ dv = ∫ e−2x dx  

  u″ = 2    v = 
e−2x

−2
 

  u″′ = 0    v1 = 
e−2x

4
 

       v2 = 
e−2x

−8
 

∫ u dv = uv − u′v1 + u″v2 − ….. 

  ∫(x2 − 2) e−2x dx = (x2 − 2) (
e−2x

−2
) −2x (

e−2x

4
) + 2(

e−2x

−8
) + c 

      = 
−(x2−2) e−2x

2
 − 

x e−2x

2
 − 

e−2x

4
 + c 

17. Evaluate :  ∫ x2 sin2x dx 

Solution: 

 Let I = ∫ x2 sin2x dx 

  = ∫ x2 (
1−cos 2x

2
)  dx 

  = 
1

2
 ∫(x2 − x2 cos 2x) dx 

  = 
1

2
  [ ∫ x2 dx  −  ∫ x2 cos 2x dx] 

  = 
1

2
 [

x3

3
 =  ∫ x2 cos 2x dx] →    

Consider ∫ x2 cos 2x dx 

 Put u  = x2     dv = cos 2x dx 

  u′ = 2x   ∫ dv = ∫ cos 2x dx  

  u″ = 2    v = 
sin 2x

2
 

  u″′ = 0    v1 = 
− cos 2x

4
 

       v2 = 
− sin 2x

8
 

∫ u dv = uv − u′v1 + u″v2 − ….. 

 ∫ x2 cos 2x dx = x2 (
sin 2x

2
) −2x (

− cos 2x

4
) + 2(

− sin 2x

8
) + c 

      = 
x2 sin 2x

2
 + 

x cos 2x

2
 − 

sin 2x

4
 + c  →   
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Using   in   we get 

 ∴ I = 
1

2
 [

x3

3
− (

x2 sin 2x

2
+  

x cos 2x

2
−  

sin 2x

4
)] + c 

   = 
1

2
 [

x3

3
− 

x2 sin 2x

2
−

x cos 2x

2
+

sin 2x

4
] + c 

 

 

Exercise : 5.2.1 

Part A 

1. Write down the Bernoulli’s formula for ∫ u dv. 

 

Part B and C 

Evaluate the following: 

 1. ∫ x sin x dx 2. ∫ x2 sin x dx 3. ∫ x sin 4x dx 

 4.  ∫ x sin 6x dx 5. ∫ x sin nx dx 6. ∫ x cos x dx 

 7. ∫ x2 cos x dx 8. ∫ x2 cos 3x dx 9. ∫ x3 cos 2x dx 

 10. ∫ x cos nx dx 11. ∫ x sin2 x dx 12. ∫ x cos2 x dx 

 13. ∫  x2 cos2 x dx 14. ∫  x3 cos2 x dx 15. ∫  x3 sin2 x dx 

 16. ∫  x2 ex  dx 17. ∫ x e-x   dx 18. ∫  x2 e-2x  dx 

 19.  ∫ (x2 + 5) sin x dx  20. ∫ (x2 - 2) cos 2x dx 

 

Exercise : 5.2.1 - Answers 

Part A 

 1. ∫ u dv = uv − u′v1 + u″v2 . . . . . 

 

Part B and C    

 1.  −x cos x + sin x + c  

 2. x2 cos x + 2x sin x + 2 cos x + c  

 3. 
−x cos 4x

4
+

sin 4x

16
 + c 

 4. 
−x cos 6x

6
+

sin 4x

36
 + c 

 5. 
−x cos nx

n
+

sin nx

n2  + c 

 6. x sin x + cos x + c 

 7. x2 sin x + 2x cos x - 2 sin x + c 

 8. 
x2 sin 3x

3
+

2

9
 x cos 3x - 

2

27
 sin 3x + c 
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 9. 
x3 sin 2x

2
 + 

3x2  cos 2x

4
 - 

3x sin 2x

4
 - 

3 cos 2x

8
 + c 

 10. 
x sin nx

n
 + 

cos nx

n2  + c 

 11. 
1

2
 [

x2

2
 −  

x sin 2x

2
 −  

cos 2x

4
] + c 

 12. 
x2

4
+

x sin 2x

4
+

cos 2x

8
 + c 

 13.  
1

2
[

x3

3
+

x2 sin 2x

2
+

x cos 2x

2
 −

 sin 2x

4
] + c 

 14. 
x4

8
+

x3 sin 2x

4
+

3x2 cos 2x

8
 −

 3x sin 2x

8
 −

 3 cos 2x

16
 + c 

 15. 
x4

8
−

x3 sin 2x

4
−

3x2 cos 2x

8
 +

 3x sin 2x

8
 +

 3 cos 2x

16
 + c 

 16. x2 ex – 2x ex + 2ex + c 

 17. −x e-x − e-x + c 

 18. [
−x2 e−2x

2
−

−x e−2x

2
−

− e−2x

4
] + c 

 19. − (x2 + 5) cos x + 2x sin x + 2 cos x + c 

 20. (x3 -2) 
 sin 2x

2
+

3x2  cos 2x

4
 −

 3x sin 2x

4
 −

 3 cos 2x

8
 + c 
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5.3 DEFINITE INTEGRALS 

5.3.1 Introduction  

If we find the value an integral of function in a given range of values of x then the integral is known 

as a definite integral. 

 ∫ f(x) dx
b

a
 means the integral from a to b of f(x) with respect to x. Here ‘a’ and ‘b’ are called 

the lower and upper limits of the definite integral. 

 Now   ∫ f(x) dx
b

a
 = [F(x) + c]a

b 

      = [F(b) + c − (F(a) + c)] 

      = F(b) + c − F(a) − c 

      = F(b) – F(a)  

Note : 

 The constant of integration ‘c’ disappears in a definite integral. 

 

 

 

Worked Examples: 

1. Evaluate : ∫ (x2 + 2x + 3) (x + 1) dx
1

0
 

Solution: 

 Given  ∫ (x2 + 2x + 3) (x + 1) dx
1

0
 

   = ∫ (x3 + 2x2 + 3x + x2 + 2x + 3) dx
1

0
 

   = ∫ (x3 + 3x2 + 5x + 3) dx
1

0
 

   = [(
x4

4
)

0

1

+ (
3 x3

3
)

0

1

+ 5 (
x2

2
)

0

1

+ 3(x)0
1] 

   = 
1

4
 + 1 + 

5

2
 + 3 

𝐴 =  ∫ f(x) dx
b

a
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   = 
1

4
 + 

5

2
 + 4 

   = 
1+10+16

4
 

    = 
27

4
 

2. Evaluate : ∫ x(x − x2) dx
2

1
 

Solution: 

 Given  ∫ x(x − x2) dx
2

1
 = ∫ (x2 − x3) dx

2

1
 

   =  ∫  x2dx −  ∫  x3dx
2

1

2

1
 

   =  [(
x3

3
)

1

2

− (
x4

4
)

1

2

] 

   =  [(
8

3
−

1

3
) − (

16

4
−

1

4
)] 

   =  (
8−1

3
) − (

16−1

4
) 

   =  
7

3
 − 

15

4
 

   =  
28−45

12
  

   =  
−17

12
 

3. Evaluate : ∫ sin x dx


2
0

 

Solution: 

 Given  ∫ sin x dx


2
0

     [∵  cos 


2
= cos 90o = 0, cos 0 = 1] 

   = [−cosx]
0



2  = [−cos 


2
− (−cos 0) ] 

   = −0 + 1 

   =  1 

4. Evaluate : ∫ (
x2+2

3
)  dx

4

0
 

Solution: 

 Given  ∫ (
x2+2

3
)  dx

4

0
 = 

1

3
 [∫ (x2 + 2)

4

0
] dx 

   = 
1

3
 [(

x3

3
 +  2x)

0

4

] 

   = 
1

3
 [(

43

3
+ 2(4)) −  (

03

3
+ 2(0))] 

   = 
1

3
 [

64

3
+ 8] 

   = 
1

3
 [

64+24

3
] 

   = 
88

9
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5. Evaluate: ∫ (x2 + 2x + 3)(x + 1) dx
1

0
 

Solution: 

 Given  ∫ (x2 + 2x + 3)(x + 1) dx
1

0
 

  Put  u =  x2 + 2x + 3 When x = 0, u = 3 

    du =  (2x+2) dx  When x = 1, u = 6 

    du = 2(x+1) dx 

   
1

2
 du = (x+1) dx 

 ∫ (x2 + 2x + 3)(x + 1) dx
1

0
  =  ∫ u

6

3

1

2
 du 

        =  
1

2
 [∫ udu

6

3
] 

        =  
1

2
 [

u2

2
]

3

6

 

        =  
1

4
 [62 − 32] 

        =  
1

4
 [36-9] 

        =  
27

4
 

6. Evaluate : ∫ (
cos2 x

1+sin x
)  dx



2
0

 

Solution: 

 Given  ∫ (
cos2 x

1+sin x
)  dx



2
0

 =  ∫
1−sin2x

1+sin x



2
0

 dx 

   = ∫
(1+sinx) (1−sin x)

(1+sinx)



2
0

 dx 

   = ∫ (1 − sin x)


2
0

 dx 

   = [x − (−cosx)]
0



2  

   = [x + cosx]
0



2  

   = [


2
+ cos 



2
− (0 + cos 0)] 

   = [


2
+ 0 − (0 + 1)] 

   = 


2
 - 1 

7. Evaluate  : ∫ cos2 x dx


2
0

 

Solution: 

 Given  ∫ cos2 x dx


2
0

     [∵  cos2 x =  
1+cos 2x

2
] 

   = ∫   (
1+cos 2x

2
)



2
0

 dx 
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   = 
1

2
 [x +

sin 2x

2
]

0



2
  

   = 
1

2
 [


2
+  

sin 2 (


2
)

2
− (0 +

sin 2 (0)

2
)]  

   =  
1

2
 [


2
+

sin 

2
− (0 + 0)] 

   = 
1

2
 [


2
+ 0] 

   = 


4
 

 

8. Evaluate : ∫ sin3 x dx


2
0

 

Solution: 

 Given  ∫ sin3 x dx


2
0

  

  sin 3x  =  3 sin x − 4 sin3x  

  4sin3 x  =  3 sin x − sin 3x 

  sin3 x  =  
3sin x − sin 3x

4
     

 ∫ sin3 x dx


2
0

 = ∫ [
1

4
(3 sin x −  sin 3x)] 



2
0

dx 

    = ∫
1

4
(3 sin x −  sin 3x)



2
0

dx 

     = 
1

4
 [∫  3 sin x dx − ∫  sin 3x dx



2
0



2
0

] 

    = 
1

4
 [3(−cos x)

0



2 − (
−cos 3x

3
)

0



2
] 

    =  
1

4
 [3 (−cos 



2
) − 3 (−cos 0)] − 

1

4
 [

− cos 3 


2

3
 − (

−cos 3(0)

3
)] 

    = 
1

4
 [3(0 + 1) − (−0 +

1

3
)]  [∵ cos 3 



2
= 0] 

    = 
1

4
 [3 −

1

3
] 

    = 
1

4
 [

9−1

3
] 

    = 
1

4
 [

8

3
] = 

8

12
 

    = 
2

3
 

9. Evaluate : ∫ x logx dx
2

1
 

Solution: 

 Given  ∫ x logx dx
2

1
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 Put  u  = logx  dv = x dx 

  du =  
1

x
dx ∫ dv =  ∫ x dx 

          v =  
x2

2
      

 ∴ ∫ x logx dx
2

1
  = ∫ u dv 

     =     [uv] - ∫  v du 

     = [log x  (
x2

2
)]

1

2

− ∫
x2

2
 (

1

x
)  dx

2

1
 

     = [ 
x2logx

2
]

1

2

− 
1

2
 [∫ x dx] 

     = (
x2 logx

2
)

1

2

 − 
1

2
 [

x2

2
]

1

2

 

     = 
1

2
 [(4 log2 −  log1)] − 

1

4
 [4 − 1] 

     = 2 log2 − 
3

4
 

10. Evaluate : ∫ logx dx
2

1
 

Solution: 

 Given  ∫ logx dx
2

1
 

 Put  u  = logx  dv = dx 

  
du

dx
 =  

1

x
 ∫ dv =  ∫ dx 

  du =  
1

x
 dx  v =  x  

           

 ∴ ∫ logx dx
2

1
  = [logx (x)]1

2 − ∫ x (
1

x
) dx

2

1
 

     = [x logx ]1
2 − ∫ dx

2

1
 

     = (x logx)1
2 − [x]1

2  

     = (2 log 2 − 1 log 1) − (2-1) 

     = (2 log 2 − 0) − (1)    [∵ log 1 = 0] 

 ∫ logx dx
2

1
  = 2 log 2−1 

11. Evaluate : ∫
1

x
 dx

2

1
 

Solution: 

 Given  ∫
1

x
 dx

2

1
      

   = [log x]1
2   

   = log2 − log1     [∵ log 1 = 0] 

   = log2 
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Exercise: 5.3.1   

 1. ∫ (1 + x
2

0
+x2) dx 2. ∫ (x

2

1
− x2) dx  

 3. ∫ cos x dx


2
0

   4.  ∫ sin x  dx


0
  

 5. ∫ tan2 x dx


4
0

 6. ∫ sin2 x dx


2
0

 

 7. ∫ cos3 x dx


2
0

 8. ∫
sin2 x

1+cos x
 dx



2
0

 

 9. ∫ (2 + sinx)2 dx


2
0

 10. ∫ 3(x − 1)2 dx
2

0
 

 11. ∫ sec2 x dx


4
0

 12. ∫ cosec2 x dx


4
0

 

 

Exercise: 5.3.1 - Answers:  

 

Part -A 

1. 
20

3
  

2. 
−5

6
 

3. 1 

4. 0 

5. 1-  


4
 

6. 


4
 

7. 
2

3
 

8. 


2
 -1 

9. 
19

3
 

10. 2 

11. 1 

12. ∞ (infinite)  

 

5.3.2 Properties of Definite Integrals 

Properties : 

 1. ∫ f(x)
b

a
dx = ∫ f(y)

b

a
dy 

 2. ∫ f(x)
b

a
dx = − ∫ f(x)

a

b
dx 

 3. ∫ f(x)
b

a
dx = ∫ f(x)

c

a
dx + ∫ f(x)

b

c
dx 

 4. ∫ f(x)
a

−a
dx = 2 ∫ f(x)

a

0
dx , Where f(x) is Even function 

 5. If f(x) is odd function , 

   then,  ∫ f(x)
a

−a
dx = 0 

 6. ∫ f(x)
a

0
dx = ∫ f(a − x)

a

0
dx 

Note :   1. f (x) is Even function when f (-x) = f (x)  

  2. f (x) is odd function when f (-x) = - f (x)    
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Part –B & C 

1. Evaluate :  ∫
sin x

sin x+cos x
dx



2
0

 

Solution: 

  I = ∫
sin x

sin x+cos x
dx



2
0

  →    

 By the property, ∫ f(x)dx
a

0
 = ∫ f(a − x)dx

a

0
 

  I = ∫
sin(



2
−x)

sin (


2
−x)+cos (



2
−x)

dx


2
0

 

   = ∫
cos x

cos x + sin x
dx



2
0

  →   

  +     I + I = ∫
sin x

sin x+cos x
dx



2
0

 + ∫
cos x

cos x+sin x
dx



2
0

 

  2 I = ∫
sin x+cos x

sin x+cos x
dx



2
0

 

   = ∫ dx


2
0

 

  I = 
1

2
 ∫ dx


2
0

 

   = 
1

2
 (x)0



2    

   = 
1

2
(


2
− 0) 

   = 
1

2
 (


2
) 

  I = 


4
 

 Hence, ∫
sin x

sin x+cos x
dx



2
0

 =  


4
 

2. Evaluate : ∫ log (tan x) dx


2
0

 

Solution: 

  I = ∫ log (tan x) dx


2
0

  →    

 By the property, ∫ f(x)dx
a

0
 = ∫ f(a − x)dx

a

0
 

  I = ∫  log [tan (


2
− x)] dx



2
0

 

   = ∫  log (cot x) dx


2
0

 →   

+    2I =  ∫  log (tan x) dx


2
0

 + ∫  log (cot x) dx


2
0

 

   = ∫  [log (tan x) dx + log (cot x) dx ]


2
0

   

   = ∫ log [tan x . cot x] dx


2
0
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   = ∫ log(1)dx


2
 

0
   ∵  log 1 = 0 

  2I = ∫ 0 dx


2
 

0
     

  2I  = 0  

  I  = 0  

3. Evaluate : ∫ x sin x dx


2
−

2

 

Solution: 

  f(x) = x sin x  

  f(−x)  =  −x sin (−x)  

   =  −x (− sin x)  

   =  x sin x = f(x) 

  f(−x)   =  f(x) 

  f(−x) is a Even function 

Hence, ∫ x sin x dx


2
−

2

  =   2∫ x sin x dx


2
0

 →    [∵  ∫ f(x)dx = 2 ∫ f(x)dx
a

0

a

−a
] 

    =  2I  

   I =  ∫ x sin x  dx


2
0

 

  u  = x   ∫ dv = ∫ sin x dx 

  u′ = 1    v = -cos x 

  u″ = 0    v1 = -sin x 

  ∫ u dv = uv -  u′v1 + u″v2+ . . . 

  ∫ x sin dx


2
0

 = [x(−cos x) − (1)(−sinx)]
0



2  

     = [−x cos x + sin x)]
0



2  

     = [−


2
 cos



2
+ sin



2
] - [−0 cos 0 + sin 0] 

     = [0 + 1] – 0 

    I = 1 

 Substitute in equation  

        ∫ x sin x dx


2
−

2

 =  2∫ x sin x dx


2
0

  

     = 2(1) 

     =  2 
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4. Evaluate :  ∫ x3 sin2 x dx


4
−

4

 

Solution: 

   f(x)  = x3 sin2 x  = x3 (sin x)2  

   f(−x)  =  (−x)3[sin (−x)]2  = −x3 (−sin x)2 

      = −x3 sin2 x 

   f(−x) = −f(x) 

     f (x) is odd function, 

       ∫ x3 sin2 x dx
 


4

 
−

4

  =  0 

5. Evaluate : ∫ sin x cos4x dx
 


2
 −

2

 

Solution: 

   f(x)  = sin x cos4x  

      =  sin x[cos x]4 

   f(−x) = sin (−x) [cos (−x)]4 = −sin x cos4x 

   f(−x) = −f(x) 

   f(x) is a odd function, 

 ∫ sin x cos4x dx


2
−

2

  =  0 

6. Evaluate : ∫ log (
3−x

3+x
) dx

1

−1
 

Solution: 

   f(x)  = log (
3−x

3+x
) = log (3-x) − log (3+2)  

    f(−x) = log (3+x) − log (3−x) 

      = − [log (3 − x)  −  log (3 + x)] 

      = log (
3−x

3+x
) = -f(x) 

   f(x) is a odd function, 

  ∫ log (
3−x

3+x
) dx

1

−1
  =  0 

7. Evaluate :  ∫ sin2 x dx


2
−

2

 

Solution: 

   f(x)  = sin2 x  

   f(−x) = [sin (−x)]2 = (− sin x)2 = sin2x = f(x) 

   f(−x) = f(x) 

    f(x) is a even function, 
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  ∫ sin2 x dx


2
−

2

  =  2∫ sin2 x dx


2
0

  [∫ f(x)dx
a

−a
 =  2 ∫ f(x)dx

a

0
] 

      = 2∫ (
1−cos 2x

2
) dx



2
0

 

      = 2 
1

2
 ∫ (1 − cos 2x)dx


2
0

 

      = ∫ dx


2
0

 − ∫ cos 2x dx


2
0

 

      = (x)0



2  − (
sin 2x

2
)

0



2
 

      = (


2
− 0) − 

1

2
 [sin 2 (



2
) − sin 0]   

      = 


2
 − 

1

2
 [0 − 0]  [∵ sin  =  0, sin 0 =  0] 

      = 


2
 − 0 

      = 


2
 

 

Exercise:  5.3.2   

1. Evaluate :  ∫
(sin x)

3
2

(sin x)
3
2+(cos x)

3
2

dx


2
0

 

2. Evaluate :  ∫
√sin x

√sin x+√cos x
dx



2
0

 

3. Evaluate :  ∫  cos3 x dx


2
−

2

 

4. Evaluate :  ∫ sin3 x cos4 x dx
1

−1
 

5. Evaluate :  ∫  x3 cos2 x dx


4
−

4

 

6. Evaluate :  ∫  sin2 cos x dx


2
−

2

 

7. Evaluate :  ∫  x sin2 x dx


4
−

4

 

8. Evaluate :  ∫  
dx

1+√cot x



2
0

 

9. Evaluate :  ∫  
dx

1+√tan x



2
0

 

Exercise:  5.3.2 - Answers  

1. 


4
  

2. 


4
 

3. 
4

3
 

4. 0 

5. 0 

6. 
2

3
 

7. 0 

8. 


4
 

9. 


4
 

 


